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Multivalent particles competing for binding on the same surface can exhibit switch-like behaviour, depending
on the concentration of receptors on the surface. When the receptor concentration is low, energy dominates
the free energy of binding, and particles having a small number of strongly-binding ligands preferentially
bind to the surface. At higher receptor concentrations, multivalent effects become significant, and entropy
dominates the binding free energy; particles having many weakly-binding ligands preferentially bind to the
surface. Between these two regimes there is a “switch-point”, at which the surface binds the two species of
particles equally strongly. We demonstrate that a simple theory can account for this switch-like behaviour
and present numerical calculations that support the theoretical predictions. We argue that binding selectivity
based on receptor density, rather than identity, may have practical applications.
I. INTRODUCTION
Systems comprising many different chemical ingredi-
ents may exhibit complex physical behaviour that is ab-
sent in systems with fewer components. In fact, in many
biological or bio-mimetic systems, variations in chemical
composition allow the system to switch from one mode of
operation to another. To give a specific example: living
cells are sensitive to the nature of the molecules bound
to their surface, but what molecules bind to a cell surface
depends on the chemical composition of that surface1. A
non-biological example is the self-assembly of an elabo-
rate structure from many unique pieces of deoxyribonu-
cleic acid (DNA)2–6: here the chemical composition of
the system determines the shape of the units that form
through self-assembly.
“Multivalent” particles are a broad class of supra-
molecular structures that interact through multiple lig-
ands with (multiple) chemically complementary tar-
gets (“receptors”). While the individual ligand-receptor
bonds are typically weak, the multiplicity of possible
host-guest binding combinations causes the overall bind-
ing strength of the particle to be extremely sensitive to
system conditions, such as temperature, pH, the number
of ligands on the particle, and the receptor concentration
on the targeted surface. The binding is superselective
when the number of adsorbed particles increases faster
than linearly with the concentration of receptors7.
For a monovalent particle, binding is controlled by the
strength of only one ligand-receptor bond. In that case,
the number of adsorbed particles depends at most lin-
early on the surface density of available receptors. In
contrast, for multivalent particles, the number of ad-
sorbed particles may depend faster than linear on the
surface density of available receptors. However, provided
that the binding strength per ligand-receptor pair is small
enough, the multivalent binding to a surface can still be
reversible.
The physical origin of the high sensitivity of multiva-
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lent binding to the receptor density is entropic. Typically,
unless all bonds are saturated (which only happens for
strong binding) there are many ways in which a subset
of all ligands can bind to a subset of all receptors. The
(logarithm of) the number of ways in which these bonds
can be made is an entropic factor that, typically, depends
faster than linearly on the receptor concentration.
Biological systems often exploit multivalency to make
bonding of a particle to a target surface extremely sen-
sitive to changes in local environment1. The same holds
for man-made multivalent interactions8.
DNA-coated colloids are an example of synthetic, mul-
tivalent building blocks9–13 that can self-assemble. In
these systems, complementary single-stranded DNA is
grafted to the surfaces of colloids or nanoparticles, result-
ing in a system that self-assembles over a narrow temper-
ature range into aggregate structures “encoded” by the
DNA ligands.
Because of their sensitivity to the nature and surface-
concentration of receptors. multivalent particles are well
suited for chemical and biological sensing14. In some
cases, the sensing works by selective break-up of clus-
ters. For instance, gold nanoparticles decorated with bio-
responsive ligands have been used as sensing agents to
detect the presence of complementary enzymes15. In the
absence of these enzymes, the nano-particles form clus-
ters via multivalent interactions between their ligands;
however, this interaction is disrupted by the presence of
the enzyme. As a result, the size of the nano-particle
clusters (and hence their plasmon resonance) depends
sensitively on the enzyme concentration.
In the present paper we show that, depending on their
surface concentration, one and the same type of receptor
can induce the binding of different multivalent particles.
Varying the surface concentration of receptors acts as a
“switch” between binding of two (or, at least in principle,
more) types of multivalent particles.
To illustrate how such a switch works, we consider
a flat surface covered with varying amounts of receptor
molecules, in contact with a reservoir containing two dis-
tinct multivalent species. The multivalent particles are
assumed to be spherical and coated with mobile flexible
ligands; however, qualitatively, our conclusions depend
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2neither on the shape of the particles, nor on the mobility
of the ligands.
The outline of the remainder of this paper is as fol-
lows. We first develop a simple theory to predict the
competitive adsorption of two multivalent species by es-
timating the equilibrium free energy of binding. Follow-
ing that, we more accurately estimate the free energy of
binding with a lattice model, accounting for the change
in conformational entropy of a ligand when it binds to a
receptor. In the third section we discuss the results ob-
tained from the lattice model, illustrating the influence
of energy and entropy on multivalent particle binding,
and comparing our results with the relevant theoretical
predictions. The paper concludes by discussing possible
applications of multivalent switches.
II. THEORY
The competition for surface adsorption between two
multivalent species can be illustrated by considering a
simple Langmuir adsorption model7. In order to develop
a mathematically tractable model, we make the following
assumptions: the two multivalent particles have approxi-
mately equal sizes, and equal ligand lengths; the number
of receptors available for binding when a particle is ad-
jacent to the surface is much larger than the number of
ligands on the particle; and the binding strength of both
particle species is moderate to strong. We will relax these
assumptions when examining detailed lattice model cal-
culations in subsequent sections.
Consider a system containing a surface covered by
randomly-placed receptors. A reservoir of two multiva-
lent species is in contact with the surface; the two species
are identified by i and j. A particle of species i has NL,i
ligands, and the free energy of binding a single ligand
to a receptor is ∆fi. Species j similarly has parameters
NL,j and ∆fj . When a particle belonging to either of
the two species is adjacent to the surface, its ligands are
able to access NR receptors in its vicinity.
The strength of the surface binding of either species
depends on the value of NL, ∆f , NR and on the temper-
ature T . All other things being equal, the species that
has the lower free energy of surface binding will prefer-
entially bind to the surface. Thus, by changing (NL,∆f)
for the two species, we may introduce a competition for
surface occupancy, and fine-tune which species binds for
a given choice of global conditions (T,NR).
Following ref. 7, we can estimate the multivalent bind-
ing free energy as
βFb ≈ NL (β∆f − lnNR)
= −NL lnNR + const, (1)
where β = 1/kBT and kB is the Boltzmann constant.
In Eq. 1, we see that the free energy is proportional
to lnNR, with a scaling factor of NL. The binding free
energies of species i and j are equal, i.e. Fb,i = Fb,j ,
when,
(kBT lnNR)switch =
NL,j∆fj −NL,i∆fi
NL,j −NL,i . (2)
The relation given by Eq. 2 defines a unique choice of the
global parameters (T,NR) at which the two multivalent
species bind equally strongly to the surface. In what
follows, we will assume that the is temperature fixed: we
will only vary the receptor count NR.
Let us now consider the case that species i has a small
number of strongly binding ligands, while species j has
many less-strongly-binding ligands;
NL,j  NL,i
∆fi  ∆fj .
In this regime, we can still use Eq. 1 to predict how
the difference in binding free energies between the two
species depends on NR:
β∆Fji,b ≈ β (NL,j∆fj −NL,i∆fi)−NL,j lnNR.
We note that the binding free energy of species i, with
a small number of strongly binding ligands, has a weak
dependence on NR in this limit. However, the binding
free energy of species j, with many weaker binding lig-
ands, depends strongly on lnNR. When NR is large, then
Fb,j > Fb,i, as the entropy of binding is the dominant fac-
tor in the bound-state free energy of the two species. On
the other hand, when NR is small, then Fb,i > Fb,j , and
the energy of binding determines which species binds to
the surface. When NR satisfies Eq. 2, then the entropy
and energy of binding of each species are at a balance.
The simple theory here reveals that switch-like be-
haviour occurs when the binding free energy for each
species depends differently on the surface-receptor con-
centration. Therefore, mixtures of monovalent species
will never exhibit surface switching. For example, if a
system contains two monovalent species, one strongly
binding, and the other weakly binding, then the ratio
of the surface concentrations of the two species will not
depend on the receptor concentration.
III. LATTICE MODEL FOR LIGAND-RECEPTOR
BINDING
In the previous section, a key parameter was ∆f , the
binding free energy per ligand. This free energy has two
contributions: the binding energy of the ligand-receptor
interaction and the difference in configurational entropy
of the ligand in the bound and unbound states. This con-
figurational entropy depends on the nature of the ligand
and on the space accessible to the ligand in its bound
and unbound states.
To compute the approximate entropy change of a lig-
and upon binding, we use a lattice model. The model
represents a single multivalent particle with ligands, in-
teracting with receptors placed on a surface. We account
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FIG. 1. Binding free energy ∆F/kBT as a function of distance
z between receptor and particle surfaces, for different choices
of receptor concentration φR. Values of receptor concentra-
tion increase from red to dark violet, progressing 0.1 to 1.0 in
increments of 0.1. Points are numerical results, and lines are
guides to the eye. In (a), NL = 1 and  = −12kBT ; in (b),
NL = 20 and  = −3.5kBT . Both particles have ligands of
Npoly = 20 segments, and cores of radius r = 2.
for the fact that the ligands cannot penetrate the surface
and that no two ligands can be bound to the same recep-
tor. In ref. 16 we describe an efficient method to compute
the binding free energy of a multivalent particle, taking
into account the above constraints.
We represent the system on a three-dimensional sim-
ple cubic lattice. A flat impenetrable surface is located
at vertical coordinate h = 1 (in lattice units), on which
receptor sites are randomly placed. The core of the mul-
tivalent particle is represented on the lattice by a (dis-
cretised) hard sphere, with radius r, and center located
at (x∗, y∗, h∗). Impenetrability is enforced by preventing
any ligand segments from occupying lattice sites with
coordinates (x, y, h) satisfying (x− x∗)2 + (y − y∗)2 +
(h− h∗)2 ≤ r2. Given that the receptor surface is lo-
cated at h = 1, the distance between the receptor surface
and particle surface is z = h∗ − r − 2.
The ligands of the multivalent particle are represented
as non-self-avoiding lattice walks of Npoly steps. Recur-
sive enumeration17 is used to calculate the number q′j
of walks that extend from anywhere on the particle core
surface, to site j on the receptor surface. The energy of a
single ligand-receptor bond is  for all receptors; the total
binding weight for site j is therefore qj = q
′
j exp (−β).
Each of the NL ligands belonging to the particle are as-
sumed to be chemically identical, so that there is no de-
pendence on ligand identity when computing the binding
weights qj . The partition function qub per unbound lig-
and is defined to be the number of non-self-avoiding walks
beginning on the particle surface and ending anywhere in
the system. Each qj as well as qub depend on the spacing
z between the particle and receptor surfaces.
We denote by NA(z) the number of surface sites acces-
sible to the particle ligands, when the particle has spacing
z from the receptors surface. NA(z) is determined by ge-
ometry: for a particle having ligands of length Npoly, at a
distance z from the surface NA(z) ≈ 2(Npoly−z+1)2 and
the mean number of receptors available to the particle is
N¯R(z) = NA(z)φR,
where φR is the probability to find a receptor at a surface
site.
To calculate the binding free energy, we must average
over all possible surface receptor configurations. We as-
sume that receptors are randomly distributed over the
NA(z) accessible surface sites. The probability P (NR)
to find exactly NR receptors on NA(z) sites is then:
P (NR) =
(
NA
NR
)
φNRR (1− φR)NA−NR ,
where we have written NA for NA(z). From ref. 16, the
bound-state partition function for z averaged over every
possible receptor configuration is
Qfull =
min (NA,NL)∑
λ=0
Q(λ), (3)
where
Q(λ) =
(
NL
λ
)(
NA
λ
)λ!Qub(λ)Qb(NA, λ)× NA∑
NR=λ
(
NR
λ
)
P (NR).
(4)
The quantity Qb(NA, λ) is computed by finding the
residue of a complex integral16. The quantity Qub(λ) =
q
(NL−λ)
ub is the partition function for the unbound ligands.
The bound free energy is then obtained by
F (z) = −kBT lnQfull.
4FIG. 2. Solution binding free energy ∆F ∗soln/kBT vs. surface
receptor concentration φR for the two particle species i (blue)
and j (red). Solution chemical potential is βµid = −6.1.
Points are numerical calculations, and lines are guides to the
eye.
FIG. 3. Probability that species i (blue) and j (red) are bound
to the surface as a function of receptor concentration. Points
are numerical results, and lines are guides to the eye.
It is useful to calculate this quantity relative to the free
energy F ◦ when the particle is at infinite distance from
the surface, where F ◦ = −NL ln q◦ and q◦ is the partition
function for one ligand in the reference state. The free
energy of binding is therefore
∆F (z) = F (z)− F ◦. (5)
Equation 5 is calculated for different values of z. The
position z∗ that leads to the most negative binding free
energy ∆F ∗ is taken to be the equilibrium position for
fixed (Npoly, NL, β, φR).
IV. RESULTS & DISCUSSION
We now numerically calculate the free energy of bind-
ing for surface-adsorbing multivalent particles, as a func-
tion of the concentration of surface receptors. Competi-
tion between two particle species is illustrated by com-
paring their binding free energy to the same surface. In
the Supporting Information, we perform a more detailed
analysis of how multivalency affects the entropy and en-
ergy of binding, including the limit of strong-binding lig-
ands.
Two species of particles are defined in the system: one
with few strong-binding ligands, and the other with many
weak-binding ones. The first species, i, has NL,i = 1 and
i = −12kBT , while the second species j has NL,j = 20
and j = −3.5kBT . While quantitatively, our results
depend on the parameters chosen, the broader concept
of switch-like competition between the two species does
not.
The results in Figure 1 show the free energy of bind-
ing as a function of distance z between the particle and
receptor surface. Results are shown for different choices
of receptor concentration φR at fixed temperature.
Figure 1(a) indicates that the low-valence particle with
one strong-binding ligand has binding free energy minima
very near the receptor surface. The value of the binding
free energy at the minimum changes little with receptor
concentration. On the other hand, in Figure 1(b), the
particle with many weak-binding ligands has a preferred
binding position some distance away from the surface,
due to the effective repulsion caused by unbound ligands.
With increasing receptor concentration the minimum in
the free energy curve shifts closer to the surface. More-
over, the minimum in the binding free energy becomes
deeper as φR increases.
We now consider the situation where the bulk concen-
tration of each species is ≈ 0.002 particles per unit vol-
ume, leading to an (ideal) chemical potential of βµid =
−6.1. The free energy of binding of a particle from this
hypothetical solution is calculated by
∆F ∗soln = ∆F
∗ − µid,
which incorporates the solution chemical potential, and
the minimum free energies of binding from Figure 1.
In Figure 2, solution free energies of binding ∆F ∗soln are
plotted as a function of φR. At low receptor concentra-
tion, the low-valence species i has a more negative (more
favourable) binding free energy compared to the high-
valence species j. As the receptor concentration grows
larger, the binding free energy of the high-valence species
becomes more favourable. More receptors result in more
possible ligand-receptor binding permutations for species
j, causing the entropic contributon to the binding free en-
ergy for that species to become more significant. Near a
receptor concentration of 0.5, the two curves cross at a
“switch point”, and at larger φR the high-valence species
is more favourably bound to the surface.
5Figure 3 illustrates the switch point of this system in
terms of the probability that a particular species is bound
to the surface. For species i for example,
P (φR)i =
e−β∆F
∗
soln,i(φR)
1 + e−β∆F
∗
soln,i(φR) + e−β∆F
∗
soln,j(φR)
.
where ∆F ∗soln,i(φR) is the solution binding free energy
for species i at a receptor concentration of φR. At
low receptor concentration, species i is bound weakly,
consistent with its rather small binding free energy of
≈ −1kBT . At larger receptor concentration, species i
binds more strongly initially, but then is replaced by the
more favorably-bound species j.
Multivalent particles interact with receptors on a sur-
face by different ligand-receptor pair combinations. This
is like connecting the sockets of an old telephone switch-
board in different ways. In the Supporting Informa-
tion, we isolate and examine the role of “switchboard
entropy”—the entropy associated with different ligand-
receptor combinations—in the context of switch-like par-
ticle binding competition as seen in Figure 2.
We next consider how the switch point of two compet-
ing multivalent species changes as a function of system
parameters, such as valency NL and binding strength .
Equation 2 represents a rough prediction for the NR at
which there is coexistence between two species i and j.
Equation 2 can be rearranged, separating out the ener-
getic and entropic contributions, to yield
lnN
R,switch =
β (NL,jj −NL,ii)
NL,j −NL,i
− NL,jsj/kB −NL,isi/kB
NL,j −NL,i
= η − b. (6)
Represented in this way, the theory predicts that the
switch-point lnNR values will be directly proportional to
η with slope unity, and with an intercept of b represent-
ing a binding entropy difference between the two species.
The quantity η is useful, as it is a function only of the
parameters used to define the two multivalent species in
the system.
We now show that the switch-point receptor concentra-
tion φR scales linearly with the parameter η as predicted
by Eq. 6. Figure 4 shows values of (lnφR) at which
surface switching occurs for a variety of pairs of com-
peting multivalent species i and j. Choosing (NL,i, i)
and (NL,j , j) for species i and j respectively leads to a
unique value of the parameter η, as displayed in Eq. 6.
The results in Figure 4 suggest that (lnφR,switch)
scales approximately linearly with η, as predicted by the
simple theory in Eq. 6. At larger (more negative) η, the
numerical results deviate from the theory. According to
Eq. 6, a more negative η leads to a smaller value of the
switch-point receptor concentration φR. Thus, we rea-
sonably expect Eq. 6 to break down in this limit, given
that large NR was assumed in the derivation in Section 2.
FIG. 4. Switchpoint (lnφR) as a function of binding parame-
ter η for competing multivalent surface adsorbers. Points are
numerical calculations for a variety of η; solid line has slope
of 1, indicating expected scaling between η and lnφR given
by Eq. 6.
Nevertheless, the agreement between the numerical cal-
culations and the theory is surprisingly good, given that
the theory also does not account for the polydispersity
P (NR) of the local number of surface receptors.
V. CONCLUSIONS
The results presented in this paper indicate that the
preferred adsorption of particles can be switched by
changing surface receptor concentration, provided that
one particle has few strong-binding ligands, while the
second has many weak-binding ligands. Importantly, this
behaviour is unique to multivalent particles, given that a
mixture of monovalent species always exhibits the same
coexistence ratio on the surface regardless of receptor
concentration.
A lattice model coupled with a recent multivalent bind-
ing theory16 was employed to develop a more detailed
picture of switch-like adsorption. At low receptor con-
centration, the low-valence species having strong-binding
ligands preferentially adsorbs to the surface. At larger
receptor concentration, binding entropy associated with
multivalency becomes a significant factor in the free en-
ergy, causing the high-valence species to occupy the sur-
face instead. In between, there is a unique choice of re-
ceptor concentration at which the two species coexist.
The coexistence points closely scale with a simple Lang-
muir theory for the cases where the theory assumptions
are valid.
Examining the energy and entropy of binding in de-
tail (see Supporting Information) reveals the role that
receptor degeneracy plays in the binding process. The
bound-state entropy of the multivalent species initially
decreases as the number of receptors increases. This is
6due to the entropic cost associated with binding ligands
to the surface. Once the particle has all of its ligands
bound, there is a turning point, and the equilibrium en-
tropy begins to increase again due to the availability of
excess receptors.
This “switchboard” entropy dominates the free energy
of binding of multivalent species when there are excess
receptors, while having an insignificant role for monova-
lent species. Altering the number of ligands on a par-
ticle therefore tunes the magnitude of the switchboard
entropy term in the binding free energy, and this can be
used to drive competitive surface adsorption in a mixture
of species.
The multivalent physics discussed in this paper suggest
development of a type of “multivalent chromatography”,
in which a sensing surface is used to isolate particles from
a polydisperse mixture based on their valency. Recent ex-
perimental progress on the development of self-assembled
monolayers having chemical gradients is promising18, as
these would serve as ideal substrates for performing the
chromatography. DNA dendrimers19 present an opportu-
nity to experimentally study surface switching behaviour
in a controlled fashion, given the ability to synthesize
dendrimers with specific valency and ligand interaction
energy. These applications will be the subject of forth-
coming work.
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7SUPPORTING INFORMATION FOR “SWITCH-LIKE SURFACE BINDING OF COMPETING
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SI. ENTROPY AND ENERGY OF BINDING
Here we take a detailed look at how entropy and energy
influence multivalent particle binding, giving rise to the
overall free energy like observed in Figure 1. The results
presented here are calculated using the model in Section
3.
To compute the average energy of binding at a given
z, we multiply the ensemble average number of bound
ligands by the energy  per bond:
βU =

Qfull
×
min (NA,NL)∑
λ=0
λQ(λ).
The partition functions Q(λ) and Qfull are given by Eqs.
3 and 4. When the multivalent particle is at infinite
distance from the surface, the total energy is U◦ = 0
as there are no ligand-receptor bonds. Therefore, the
change in energy upon surface binding is simply ∆U = U .
Figure S1 gives the binding energy β∆U as a function
of z. The first panel shows results for a strong-binding
particle with NL = 1, and the remaining are for a particle
with NL = 20 ligands and three different ligand-receptor
binding energies.
For the NL = 1 particle, the binding energy is very
close to β = −12 across z. This is the binding energy
of the single ligand, indicating that the particle is in a
bound state across the majority of z. Only when the
receptor concentration is low, and the particle is located
far from the surface, does the energy of binding become
slightly less negative.
A selection of three different ligand-receptor binding
energies β are examined for the NL = 20 particle, in
order to illustrate the sensitivity of the binding energy
to this parameter. When β is relatively small (−3.5,
in Figure S1b), the binding energy is strongly dependent
on both z and the receptor concentration. When the
particle is nearest to the surface, at z = 0, the binding
energy is maximised, as this is when the ligands are able
to access the greatest number of receptors. By changing
z, the number of available receptors decreases, reducing
the number of bound ligands.
When the surface is saturated with receptors, the min-
imum binding energy is near −50kBT ; as the ligand-
receptor binding energy is −3.5kBT in this case, then
there are ≈ 14 bound ligands. The receptor concentra-
tion cannot be increased further, and so this represents
the maximum number of bound ligands achievable for
this choice of ligand-receptor binding energy. (The bind-
ing energy would be equal to −70kBT were all ligands to
be bound.)
Increasing β, in Figures S1c and d, increases the num-
ber of bound ligands at smaller values of receptor con-
centration. Bringing the ligand-receptor binding energy
to −6.5 (Figure S1d) leads the binding energy curves to
asymptotically approach β∆U = −130—the case where
all ligands are bound in that system. The curves also be-
come flatter near small z, indicating that the number of
bound ligands does not depend as strongly on the number
of accessible receptors.
Figure S2 shows the binding entropy ∆S/kB for each
system in Figure S1. The binding entropy is calculated
by
∆S/kB = −β (∆F −∆U) , (S1)
where ∆F is given by Eq. 5. For the NL = 1 particle, we
observed in Figure S1a that the particle is predominantly
in the bound state for low and high receptor concentra-
tions. As a result, we find in Figure S2a that the entropy
is similar for all choices of receptor concentration. In-
deed, as the particle’s single ligand is strongly-bound on
average, then the entropy curves correspond to stretching
or compressing the chain depending on the position z of
the particle core. For increasing receptor concentration,
the entropy curve shifts slightly more positive, due to the
larger number of binding sites for the ligand.
The NL = 20 systems in Figures S2b-d show strong
dependence of the entropy on ligand-receptor binding
energy. At low β, the entropy becomes more negative
with decreasing z. This is because the average number of
bound ligands increases when the particle is closer to the
surface; each ligand incurs an entropy penalty when it
goes from an unbound to bound state. This is opposite
from the behaviour shown in Figure S1b-d, where the
binding energy is maximised when the particle is clos-
est to the surface. The overall binding free energies ∆F
in Figure S3 are a balance of these two factors, and the
resulting z that minimises the free energy is a nonzero
value depending on the choice of φR and β.
Increasing β results in the formation of a local max-
imum in entropy at small z in Figures S2c-d, becoming
more pronounced at lower φR for larger β. Comparing
this behaviour with Figure S1b-d, we see that the for-
mation of the maximum occurs when the rate of change
of the total binding energy with φR slows down. Phys-
ically, this represents a turning point where the amount
of entropy expended to increase the average number of
bound ligands is less than that gained by the presence of
additional receptors. As a result, entropy is dominated
upon increasing φR by the addition of more receptors,
through providing the bound ligands with more binding
partners.
The presence of extra receptors is a type of degen-
eracy, providing the particle more binding possibilities
without the expense of restricting additional ligands to
the surface. We refer to this contribution as “switchboard
entropy”. Formally, we define the switchboard entropy
as the extra amount of entropy arising from degenerate
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FIG. S1. Energy of binding ∆U/kBT as a function of distance z between receptor and particle surfaces, for different choices
of receptor concentration φR. Values of receptor concentration increase from blue to red, progressing 0.01 to 0.1 in increments
of 0.01, and then 0.1 to 1.0 in increments of 0.1. Panel (a) has NL = 1 and β = −12. The remaining panels have NL = 20;
values of β are (b) -3.5, (c) -5, (d) -6.5. Points are numerical results, and lines are guides to the eye.
binding sites, compared to a case where each ligand may
only bind to one receptor partner. Section SIII discusses
the method for calculating the switchboard entropy.
Figure S4 plots the switchboard entropy for all cases
examined in Figure S1. The quantity is always positive,
and grows significantly as more receptors are added to the
system. Comparing Figure S4a to Figures S4b-d, we see
that the multivalent NL = 20 particle has a substantially
larger switchboard entropy contribution, compared to the
monovalent NL = 1 particle.
When the system approaches the limit that all ligands
are strongly bound to a large number of receptors, then
the entropy of binding should follow the theoretical pre-
diction derived in Eq. 1:
∆Ssw(z)/kB ≈ NL ln N¯R(z)− lnNL!. (S2)
(Note that the extra factor of NL! accounts for indistin-
guishability of the ligands.) Figure S5 shows examples
of the switchboard entropy calculated for systems that
have strongly-bound ligands, showing excellent agree-
ment with Eq. S2 in this limit.
SII. BEHAVIOUR AT THE FREE ENERGY MINIMUM
We now turn to the behaviour of the binding thermo-
dynamics at the equilibrium particle position, depending
on the mean receptor concentration φR. Figure S6 shows
plots of the free energy, entropy, switchboard entropy,
and energy of the multivalent particle at its equilibrium
position z∗ for various lnφR. Results are shown for par-
ticles with NL = 20 ligands, and ligand-receptor binding
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FIG. S2. Entropy of binding ∆S/kB as a function of distance z between receptor and particle surfaces, for different choices of
receptor concentration φR. See Figure S1 for details.
energies of β = −3.5,−5, and −6.5.
Considering plots of the free energy in Figure S6a, as
the ligand-receptor binding strength increases the por-
tion of the curve that is linear grows larger. The red
lines shown in Figure S6a have slopes NL; evidently, as
β grows more negative, the free energy at high receptor
concentration goes as
β∆F ∗ ∝ −NL lnφR. (S3)
This is the result anticipated by the simple Langmuir the-
ory, Eq. 1. The transition into this regime occurs when
the total energy of the particle approaches its saturation
value, NL. We can examine this by plotting the scaled
total particle energy ∆U∗/NL, shown in Figure S6b. As
β and the receptor concentration grow large, the total
binding energy approaches its maximum value.
Because the total binding energy in Figure S6b ap-
proaches a constant for increasing β and φR, then it
must be the entropy of binding that gives rise to the
change in binding free energy following Eq. S3.
Accordingly, Figure S6c gives plots of the binding en-
tropy at equilibrium, as a function of lnφR. The strik-
ing non-monotomic behaviour of these curves reflects the
conclusions we drew from Figure S2.
When the receptor concentration is low, the ligands of
the particle are in equilibrium with few binding partners.
For moderate β, the translational entropy of an unbound
ligand is quite large compared to the energy it gains upon
binding. Therefore, not all ligands are bound.
Upon adding more receptors in this regime, the ligand
equilibrium is further biased towards receptor binding;
however, the binding of each ligand costs the particle ad-
ditional entropy. Eventually, at a sufficient receptor con-
centration, all ligands become bound. We then enter a
regime in which adding additional receptors increases the
binding entropy, by providing degenerate binding part-
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FIG. S3. Free energy of binding ∆F/kBT as a function of distance z between receptor and particle surfaces, for different choices
of receptor concentration φR. See Figure S1 for details.
ners for the bound ligands. This is the switchboard en-
tropy. Since all ligands are already bound, the particle
does not spend any additional entropy to restrict ligands
to the surface.
This behaviour, specific to a multivalent (as opposed
to monovalent) interaction, gives rise to the unique non-
monotonic entropy of binding as shown in Figure S6c.
A monovalent particle exhibits similar behaviour at low
receptor concentration, as the ligand state equilibrium is
balanced in the same way between translational entropy
and receptor binding. However, once the equilibrium is
sufficiently biased towards the bound state, there is little
effect obtained by adding degenerate binding partners.
(We saw this in Figure S5a, where there is only a very
small switchboard entropy contribution to the binding of
a particle with just one ligand.)
Figure S6d plots the switchboard contribution to the
binding entropy, as a function of receptor concentration.
Upon increasing φR and β to the strong-binding limit
(going from red to black datasets), the behaviour of the
switchboard entropy approaches
∆S∗sw/kB ∝ NL lnφR,
as found in Figure S4 and Eq. S2. The switchboard
entropy, then, is the primary factor driving the behaviour
of the free energy at large β and φR in Figure S6a.
SIII. CALCULATING “SWITCHBOARD” ENTROPY
To calculate the entropy arising from the presence of
extra receptors on the surface (in the “real” system),
we must calculate the entropy for an equivalent system
where each of the NL ligands only have one possible re-
ceptor partner. We will refer to this as the “reference”
system.
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FIG. S4. Switchboard entropy ∆Ssw/kB as a function of distance z between receptor and particle surfaces, for different choices
of receptor concentration φR. See Figure S1 for details.
The reference system is different depending on the
number of receptors NR in the real system. If the real
system has NR ≤ NL, then the reference system is the
same as the real system. This is because the ligands are
still considered indistinguishable in the reference system,
leading to the fact that each ligand can still bind to any
one of the available receptors. This is identical to the
real system.
On the other hand, if NR > NL in the real system,
then the reference system has exactly NR = NL receptors
in order to remove the excess receptors. The difference
in the average entropy between these two systems repre-
sents the contribution arising from the presence of extra
binding partners in the real system—the switchboard en-
tropy.
We will start by showing the calculation for switch-
board entropy given one receptor configuration, and then
perform an average over all possible configurations given
by the distribution P (NR) of the number of receptors
afterwards.
Regardless of NR in the real system, the reference sys-
tem must have the same average number of bound ligands
as the real system. (Otherwise, the difference in entropy
between the two systems would contain extra factors not
due to excess receptors.) Thus, we must first determine
the average number of bound ligands in the real system,
and then adjust the parameters of the reference system
accordingly.
The average number of bound ligands in one real sys-
tem is calculated by
Nb,real =
Ureal
real
,
where real is the ligand-receptor binding energy in the
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FIG. S5. Switchboard entropy ∆Ssw/kB as a function of dis-
tance z between receptor and particle surfaces in the limit
that min (NR, NL) ligands are bound, for different choices of
receptor concentration φR. Points are calculations at each z
for φR = 0.03, 0.05, 0.1, 0.2, 0.4, 1.0 (blue to red). In all cases
NL = 20, Npoly = 20, and particle r = 2. Solid red lines are
plots of Eq. S2 for each φR.
real system. The entropy is obtained by
Sreal
kB
= −β (Freal − Ureal) .
For NR ≤ NL in the real system, then the reference sys-
tem is identical to the real system. When NR > NL, then
the reference system has NR = NL receptors, and must
exhibit the same average number Nb,real of bound ligands
as in the real system. The value of β in the reference sys-
tem can be adjusted to achieve Nb,ref = Nb,real. Another
method is to perform two calculations of the reference
system, for when there are exactly Nb,ref = floor(Nb,real)
and then ceiling(Nb,real) bound ligands. The entropy for
the true reference system is then
Sref = (1− p)Sref (Nb = floor(Nb,real))
+ pSref (Nb = ceiling(Nb,real)) (S4)
where
p = Nb,real − floor(Nb,real).
In principle, if our real system has NR > NL receptors,
then many reference systems with NR = NL could be
constructed, each having a different arrangement of the
NR receptors (and therefore a different Sref ). However,
we do not need to be concerned about making a choice
here, as we now perform an average over all possible re-
ceptor configurations.
The number of receptors on the surface follows the
distribution P (NR); for a given NR, the receptors are
randomly distributed across the NA surface sites. The
switchboard entropy averaged over all of these configura-
tions can be written
S¯sw =
1
N
∑
n
(Sreal,n − Sref,n), (S5)
where trials are indexed by n. The quantity Sreal,n is the
entropy of the real system on trial n. The reference en-
tropy Sref,n on trial n takes one of two values, depending
on the value of NR in that trial:
Sref,n =
{
Sref , if NR > NL
Sreal,n, if NR ≤ NL
Thus, only trials having NR > NL will contribute to the
sum in Eq. S5. If we define N+ to be the number of
trials with NR > NL, then the switchboard entropy can
be calculated by absorbing the average over n into the
two entropy terms in Eq. S5:
S¯sw =
N+
N
(
S¯real,+ − S¯ref
)
.
This is the equation used to calculate the average switch-
board entropies given in Figure S4. The expression is
conveniently in terms of two averages over all receptor
configurations:
• S¯real,+ is the average entropy for (real) systems
having NR > NL receptors;
• S¯ref is the average entropy for (reference) systems
having exactly NR = NL receptors and N¯b,real
bound ligands, where N¯b,real is the number of
bound ligands averaged over the real systems.
The prefactor N+/N can be calculated analytically given
P (NR):
N+
N
= 1−
NL∑
NR=0
P (NR)
To calculate the quantities S¯real,+ and S¯ref in practise,
we derive relevant forms of the partition function given
by Eq. 3, calculate the free energy, and then obtain the
entropy by Eq. S1. For S¯real,+, we compute Qfull with
P (NR) renormalised to reside between NR = NL+1 and
NA. (Obviously, the particle must be positioned so that
NA > NL.) If we define
Q˜(λ) =
(
NL
λ
)(
NA
λ
)λ!Qub(λ)Qb(NA, λ)
then we can calculate the average free energy βF¯real,+ by
βF¯real,+ = − ln
NL∑
λ=0
Q˜(λ)
(
NA∑
NR=NL+1
(
NR
λ
)
P ′(NR)
)
.
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FIG. S6. Plots of the free energy ∆F ∗ (a), normalised energy ∆U∗/NL (b), entropy ∆S∗ (c), and switchboard entropy ∆S∗sw
(d), at the equilibrium particle position z∗ as a function of the log of receptor concentration lnφR. Points are calculations, and
dashed lines are fits to guide the eye. Parameters are NL = 20, Npoly = 20, and r = 2 in all cases. Dataset in dark red has
β = −3.5, yellow has β = −5, and blue has β = −6.5. Data plotted in black in (d) are calculations in the strong-binding
limit, when β→∞. Solid red lines in (a) have slope of −NL, and that in (d) has slope of NL; vertical intercepts of lines have
been shifted to match with numerical data.
The renormalised distribution P ′(NR) for NR is
P ′(NR) =
P (NR)∑NA
N ′R=NL+1
P (N ′R)
.
To compute S¯ref , we force the distribution P (NR) to
collapse to a Kronecker delta function at NR = NL. The
average free energy across all receptor configurations in
this case takes the form
βF¯ref = − ln
NL∑
λ=0
Q˜(λ)
(
NL
λ
)
.
We then compute S¯ref using Eq. S4, which requires eval-
uating F¯ref for Nb = floor(Nb,real) and ceiling(Nb,real)
bound ligands, respectively. The equation for F¯ref for a
set number Nb of bound ligands is
βF¯ref (Nb) = − ln
[
Q˜(Nb)
(
NL
Nb
)]
.
The switchboard entropy is then obtained by Eq. S1 .
